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Abstract
In this short note, we obtain error estimates for Riemann sums of some singular
functions.
Let N ∈ N, and let z0 = −1 or z0 = 0. For a function F1 : [z0, 1] → R denote the error
estimate of the Riemann sum of the integral
∫ 1
z0
F1(x)dx by
Rn :=
∫ 1
z0
F1(x)dx−
(
1
2n
F1(z0) +
1
2n
F1(1) +
n−1∑
k=z0n+1
1
n
F1
(
k
n
))
.
We prove the following 3 propositions, which are used, e.g., in [1].
Proposition 1. Assume that a function F1(x) can be represented as
F1(x) = c1(1− x)1/2 + c2(1− x)3/2 + F˜1(x),
where c1, c2 ∈ R and F˜1 ∈ C2[z0, 1]. Then
1. There exists L1 = L1(F1, N) > 0 such that
|Rn| ≤ L1 1
n3/2
, n ≥ N.
2. If, additionally, F˜1(x) = c3(1 − x)5/2 + c4(1 − x)7/2 + F¯1(x), where c3, c4 ∈ R and
F¯ ∈ C4[z0, 1], then there exists L¯1 = L¯1(F1, N) > 0 such that
∣∣(n+ 1)2Rn+1 − n2Rn∣∣ ≤ L¯1 1
n1/2
n ≥ N.
∗Free University of Berlin, RUDN University, email: gurevich@math.fu-berlin.de
†Saint-Petersburg State Univeristy; email: s.tikhomirov@spbu.ru
1
Proposition 2. Assume that a function F2(x) can be represented as
F2(x) = c1(1− x)−1/2 + c2(1− x)1/2 + F˜2(x), (1)
where c1 > 0, c2 ∈ R, and F˜2 ∈ C1[z0, 1]. Then there exists L2 = L2(F2, N) > 0, L∗2 =
L∗2(F2, N) > c1 and l2 = l2(F2, N) such that
L∗2
1
n1/2
− l2 1
n
≤
∫ 1
z0
F2(x)dx−
n−1∑
k=z0n
1
n
F2
(
k
n
)
≤ L2 1
n1/2
, n ≥ N. (2)
In particular,
∣∣∣∣ n−1∑
k=z0n
1
n
F2
(
k
n
)∣∣∣∣ is bounded.
Proposition 3. Assume that F3 ∈ C0[−1, 1) and |(1 − x)3/2F3(x)| is bounded on [−1, 1).
Then there exists L3 = L3(F3, N) > 0 such that∣∣∣∣∣∣
∑
|k|≤n−1
1
n
F3
(
k
n
)∣∣∣∣∣∣ ≤ L3n1/2, n ≥ N.
Here we provide the proofs of item 2 of Proposition 1 and Proposition 2 for the case
z0 = −1. Item 1 of Proposition 1 and the case z0 = 0 can be proved similarly. Proposition 3
is straightforward.
Proof of item 2 of Proposition 1
Consider the function Φ(x) := F1(x) + F1(−x). Then
n2Rn = n
2IF1 −
(
n
2
Φ(0) +
n
2
Φ(1) +
n−1∑
k=1
nΦ
(
k
n
))
,
where IF1 :=
∫ 1
−1 F1(x)dx. Therefore,
(n+ 1)2Rn+1 − n2Rn = (2n+ 1)IF1 −
(
Φ(0) + Φ(1)
2
+
n∑
k=1
(n + 1)Φ
(
k
n+ 1
)
−
n−1∑
k=1
nΦ
(
k
n
))
= Σ1,n + Σ2,n, (3)
where
Σ1,n := (n+ 1)IF1 −
(
Φ(0) + Φ(1)
2
+
n∑
k=1
Φ
(
k
n+ 1
))
,
Σ2,n := n(IF1 − Φ(0)− ΣΦ,n) , ΣΦ,n :=
n∑
k=1
(
Φ
(
k
n+ 1
)
− Φ
(
k − 1
n
))
.
2
Note that Σ1,n = (n+ 1)Rn+1. Hence, Proposition 1 (item 1) implies that, for some L1 > 0,
|Σ1,n| ≤ L1 1√
n+ 1
. (4)
Estimates of Σ2,n are more subtle. First, note that
k
n+1
− k−1
n
= n+1−k
n(n+1)
and, hence,
Φ
(
k
n + 1
)
− Φ
(
k − 1
n
)
=
n+ 1− k
n(n+ 1)
Φ′
(
k
n+ 1
)
− 1
2
(
n+ 1− k
n(n + 1)
)2
Φ′′
(
k
n + 1
)
+
1
6
(
n+ 1− k
n(n + 1)
)3
Φ′′′(ξk),
where ξk ∈
[
k−1
n
, k
n+1
]
. Therefore,
ΣΦ,n =
n+ 1
n
n∑
k=1
1
n+ 1
n+ 1− k
n+ 1
Φ′
(
k
n + 1
)
− 1
2
n + 1
n2
n∑
k=1
1
n+ 1
(
n + 1− k
n + 1
)2
Φ′′
(
k
n+ 1
)
+
1
6
n+ 1
n3
n∑
k=1
1
n+ 1
(
n+ 1− k
n+ 1
)3
Φ′′′(ξk) . (5)
Set
Φ1(x) := (1− x)Φ′(x), Φ2(x) := (1− x)2Φ′′(x), Φ3(x) := (1− x)3Φ′′′(x),
IΦ1 :=
∫ 1
0
Φ1(x)dx, IΦ2 :=
∫ 1
0
Φ2(x)dx, (6)
ΣΦ1,n := IΦ1 −
n∑
k=1
1
n+ 1
n + 1− k
n+ 1
Φ′
(
k
n+ 1
)
− 1
2(n+ 1)
Φ′(0), (7)
ΣΦ2,n := IΦ2 −
n∑
k=1
1
n+ 1
(
n+ 1− k
n+ 1
)2
Φ′′
(
k
n + 1
)
− 1
2(n+ 1)
Φ′′(0), (8)
ΣΦ3,n :=
n∑
k=1
1
n+ 1
(
n+ 1− k
n+ 1
)3
Φ′′′(ξk) . (9)
Since ξk ≤ k
n+ 1
, we have
∣∣∣∣∣
(
n + 1− k
n + 1
)3
Φ′′′(ξk)
∣∣∣∣∣ ≤ |Φ3(ξk)|. (10)
Proposition 1 (item 1) and (10) imply that
|ΣΦ1,n| ≤ KΦ1 1
(n+ 1)3/2
, |ΣΦ2,n| ≤ KΦ2 1
(n+ 1)3/2
, |ΣΦ3,n| ≤ KΦ3, (11)
3
KΦ1 := L1(Φ1, N), KΦ2 := L1(Φ2, N), KΦ3 := sup
x∈(0,1)
|Φ3(x)|,
In this notation, (5) takes the form
ΣΦ,n =
n + 1
n
(
IΦ1 − Φ
′(0)
2(n+ 1)
− ΣΦ1,n
)
− n+ 1
2n2
(
IΦ2 − Φ
′′(0)
2(n+ 1)
− ΣΦ2,n
)
+
n + 1
6n3
ΣΦ3,n.
Finally, taking into account (4), we conclude that
Σ2,n = nIF1 − (n+ 1)IΦ1 + 1
2
n+ 1
n
IΦ2 −
(
nΦ(0)− 1
2
Φ′(0) +
1
4n
Φ′′(0)
)
+
(
(n + 1)ΣΦ1,n − 1
2
n + 1
n
ΣΦ2,n − 1
6
n+ 1
n2
ΣΦ3,n
)
.
Using the relations IF1 = IΦ1 + Φ(0) and IΦ2 = 2IΦ1 − Φ′(0), we obtain
Σ2,n = nIΦ1 + nΦ(0)− (n+ 1)IΦ1 + n + 1
n
IΦ1 − 1
2
n + 1
n
Φ′(0)
−
(
nΦ(0)− 1
2
Φ′(0) +
1
4n
Φ′′(0)
)
+
(
(n+ 1)ΣΦ1,n − 1
2
n+ 1
n
ΣΦ2,n − 1
6
n+ 1
n2
ΣΦ3,n
)
=
1
n
IΦ1 − 1
4n
Φ′′(0)− 1
2n
Φ′(0) +
(
(n+ 1)ΣΦ1,n − 1
2
n+ 1
n
ΣΦ2,n − 1
6
n+ 1
n2
ΣΦ3,n
)
.
The latter equality and estimates (11) yield
|Σ2,n| ≤ 1
n
(
|IΦ1|+ |Φ
′′(0)|
4
+
|Φ′(0)|
2
+
KΦ3
3
)
+KΦ1
1
n1/2
+
KΦ2
2
1
n3/2
≤ 1
n1/2
(
KΦ1 +
(
|IΦ1|+ |Φ
′′(0)|
4
+
|Φ′(0)|
2
+
KΦ3
3
)
1
N1/2
+
KΦ2
2
1
N
)
.
Combining this with (3) and (4), we have
|(n+ 1)2Rn+1 − n2Rn| ≤ L¯1 1√
n
,
where
L¯1 := L1 +KΦ1 +
(
|IΦ1|+ |Φ
′′(0)|
4
+
|Φ′(0)|
2
+
KΦ3
3
)
1
N1/2
+KΦ2
1
N
.
Proof of Proposition 2
Fix cmax1 > c1 and c
min
1 ∈ ( 23√2−2c1, c1). Let us choose δ ∈ (0, 1) such that, for x ∈ [1− δ, 1),
cmin1
(1− x)1/2 ≤ F2(x) ≤
cmax1
(1− x)1/2 ,
1
2
cmin1
(1− x)3/2 ≤ F
′
2(x) ≤
1
2
cmax1
(1− x)3/2 . (12)
4
Using the representation (1) and (12), we choose C = C(F ) > 0 such that∫ β
−1
|F ′2(x)|dx ≤ F (β) + C, β ∈ [1− δ, 1). (13)
Finally, we assume that (increasing L2 and l2 if necessarily)
n ≥ 2
δ
. (14)
Integrating by parts, we have
∫ 1
−1
F2(x)dx =
n−1∑
k=−n
∫ (k+1)/n
k/n
F2(x)dx
=
n−1∑
k=−n
((
x− k + 1
n
)
F2(x)
∣∣∣∣
(k+1)/n
k/n
−
∫ (k+1)/n
k/n
(
x− k + 1
n
)
F ′2(x)dx
)
=
n−1∑
k=−n
1
n
F2
(
k
n
)
+Σ1,n,
where
Σ1,n :=
n−1∑
k=−n
∫ (k+1)/n
k/n
(
k + 1
n
− x
)
F ′2(x)dx.
Inequalities (12)–(14) imply that
|Σ1,n| =
∣∣∣∣∣
∫ 1
1−1/n
(1− x)F ′2(x) +
n−2∑
k=−n
∫ (k+1)/n
k/n
(
k + 1
n
− x
)
F ′2(x)dx
∣∣∣∣∣
≤
∫ 1
1−1/n
1
2
cmax1
(1− x)1/2 +
n−2∑
k=−n
1
n
∫ (k+1)/n
k/n
|F ′2(x)|dx ≤
cmax1√
n
+
1
n
∫ 1−1/n
−1
|F ′2(x)|dx.
(15)
Since 1− 1/n > 1− δ due to (14), we conclude from (12), (13) and (15) that
|Σ1,n| ≤ c
max
1√
n
+
1
n
(
F2
(
1− 1
n
)
+ C
)
≤ 2cmax1
1√
n
+ C
1
n
.
Taking L2 := 2c
max
1 +
C√
N
, we obtain the second inequality in (2).
Set k0 := [(1−δ)n] ([·] is the integer part of a real number). We represent Σ1,n as follows:
Σ1,n = Σ2,n + Σ3,n, (16)
where
Σ2,n :=
(
k0−1∑
k=−n
∫ (k+1)/n
k/n
(
k + 1
n
− x
)
F ′2(x)dx+
∫ 1−δ
k0
(
k0 + 1
n
− x
)
F ′2(x)dx
)
,
Σ3,n :=
(∫ (k0+1)/n
1−δ
(
k0 + 1
n
− x
)
F ′2(x)dx+
n−1∑
k=k0+1
∫ (k+1)/n
k/n
(
k + 1
n
− x
)
F ′2(x)
)
. (17)
5
Below we estimate Σ2,n and Σ3,n separately. Inequality (13) implies that
Σ2,n ≥ −1
n
(∫ 1−δ
−1
|F ′2(x)|dx
)
≥ −1
n
(F2(1− δ) + C). (18)
Due to (12) all the terms in expression Σ3,n are positive. Inequality (14) implies that the
last sum in formula (17) contains at least two terms and inequality (12) implies that
Σ3,n ≥
∫ 1−1/n
1−2/n
(
1− 1
n
− x
)
F ′2(x)dx+
∫ 1
1−1/n
(1− x)F ′2(x)dx
≥
∫ 1−1/n
1−2/n
1
2
(
1− 1
n
− x
)
cmin1
(1− x)3/2dx+
∫ 1
1−1/n
1
2
cmin1
(1− x)1/2dx
=
∫ 1
1−2/n
1
2
cmin1
(1− x)1/2dx−
1
2n
∫ 1−1/n
1−2/n
cmin1
(1− x)3/2 =
3
√
2− 2
2
cmin1
1√
n
. (19)
Relations (16), (18), and (19) imply that
Σ1,n ≥ L∗2
1√
n
− l2 1
n
,
where L∗2 :=
3
√
2−2
2
cmin1 > c1 and l2 := F2(1− δ) + C.
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